Abstract. This is the second paper in a series. In part I we developed deformation theory of objects in homotopy and derived categories of DG categories. Here we extend these (derived) deformation functors to an appropriate bicategory of artinian DG algebras and prove that these extended functors are pro-representable in a strong sense.
Introduction
In our paper [LOI] we developed a general deformation theory of objects in homotopy and derived categories of DG categories. The corresponding deformation pseudo-functors are defined on the category of artinian DG algebras dgart and take values in the 2-category Gpd of groupoids. More precisely if A is a DG category and E is a right DG module over A we defined four pseudo-functors Def h (E), coDef h (E), Def (E), coDef (E) : dgart → Gpd.
The first two are the homotopy deformation and co-deformation pseudo-functors, i.e. they describe deformations (and co-deformations) of E in the homotopy category of DG A 0 -modules; and the last two are their derived analogues. The pseudo-functors Def h (E) , coDef h (E) are equivalent and depend only on the quasi-isomorphism class of the DG algebra End(E) . The derived pseudo-functors Def(E) , coDef (E) need some boundedness conditions to give the "right" answer and in that case they are equivalent to Def h (F ) and coDef h (F ) respectively for an appropriately chosen h-projective or h-injective DG module F which is quasi-isomorphic to E (one also needs to restrict the pseudo-functors to the category dgart − of negative artinian DG algebras).
In this second paper we would like to discuss the pro-representability of these pseudofunctors. Recall that "classically" one defines representability only for functors with values in the category of sets (since the collection of morphisms between two objects in a category is a set). For example, given a moduli problem in the form of a pseudo-functor with values in the 2-category of goupoids one then composes it with the functor π 0 to get a set valued functor, which one then tries to (pro-) represent. This is certainly a loss of information.
But in order to represent the original pseudo-functor one needs the source category to be a bicategory.
It turns out that there is a natural bicategory 2-adgalg of augmented DG algebras.
(Actually we consider two versions of this bicategory, 2-adgalg and 2 ′ -adgalg , but then show that they are equivalent). We consider its full subcategory 2-dgart − whose objects are negative artinian DG algebras, and show that the derived deformation functors can be naturally extended to pseudo-functors coDEF − (E) : 2-dgart − → Gpd, DEF − (E) : 2 ′ -dgart − → Gpd.
Then (under some finiteness conditions on the DG algebra C = R Hom(E, E) ) we prove pro-representability of these pseudo-functors by the DG algebraŜ = (BC) * which is the linear dual of the bar construction BC of C (Theorems 7. 1, 7.2, 8.1, 8.2 ).
This pro-representability appears to be more "natural" for the pseudo-functor coDEF − , because the bar complex BC ⊗ τ C C is the "universal co-deformation" of the DG C 0 -module C . The pro-representability of the pseudo-functor DEF − may then be formally deduced from that of coDEF − , but we can find the corresponding "universal deformation" (of the DG C 0 -module C ) only under an additional assumption on C (Theorem 8.9).
In the first part of the paper we recall the bar construction and the bar complex of an augmented DG algebra and discuss certain functors defined by the bar complex. In the second part we define the bicategories 2-adgalg and 2 ′ -adgalg and the pseudo-functors coDEF − and DEF − and discuss their relations. In the third part we prove the prorepresentability theorems.
We freely use the notation and results of [LOI] . The reference to [LOI] or [LOIII] appears in the form I, Theorem ... , or III, Theorem ... respectively. As in [LOI] our basic reference for bicategories is [Be] .
Part 1. The bar complex 2. Coalgebras and the bar construction 2.1. Coalgebras and comodules. We will consider DG coalgebras. For a DG coalgebra G we denote by G gr the corresponding graded coalgebra obtained from G by forgetting the differential. Recall that if G is a DG coalgebra, then its graded dual G * is naturally a DG algebra. Also given a finite dimensional DG algebra B its dual B * is a DG coalgebra.
A morphism of DG coalgebras k → G (resp. G → k ) is called a co-augmentation (resp. a co-unit) of G if it satisfies some obvious compatibility condition. We denote by G the cokernel of the co-augmentation map.
Denote by G [n] the kernel of the n -th iterate of the co-multiplication map ∆ n : G → G ⊗n . The DG coalgebra G is called co-complete if
A G -comodule means a left DG comodule over G .
A G gr -comodule is free if it is isomorphic to G ⊗ V with the obvious comodule structure for some graded vector space V .
Denote by G 0 the DG coalgebra with the opposite co-multiplication.
Let g : H → G be a homomophism of DG coalgebras. Then H is a DG G -comodule with the co-action g ⊗ 1 · ∆ H : H → G ⊗ H and a DG G 0 -comodule with the co-action 1 ⊗ g · ∆ H : H → H ⊗ G .
Let M and N be a right and left DG G -comodules respectively. Their cotensor product M G N is defined as the kernel of the map
where ∆ M : M → M ⊗ G and ∆ N : N → G ⊗ N are the co-action maps.
A DG coalgebra G is a left and right DG comodule over itself. Given a DG G -comodule M the co-action morphism M → G ⊗ M induces an isomorphism M = M G G . Similarly for DG G 0 -modules.
Definition 2.1. The dual R * of an artinian DG algebra R is called an artinian DG coalgebra.
Given an artinian DG algebra R , its augmentation R → k induces the co-augmentation k → R * and its unit k → R induces the co-unit R * → k .
From comodules to modules.
If P is a DG comodule over a DG coalgebra G , then P is naturally a DG module over the DG algebra (G * ) 0 . Namely, the (G * ) 0 -module structure is defined as the composition
where T : G ⊗ P → P ⊗ G is the transposition map.
Similarly, if Q is a DG G 0 -comodule, then P is a DG module over G * .
Let P and Q be a left and right DG G -comodules respectively. Then P ⊗ Q is a DG G * -bimodule, i.e. a DG G * ⊗ G * 0 -module by the above construction. Note that its center
is isomorphic to the cotensor product Q G P .
2.3.
Twisting cochains and the bar construction. Let G be a DG coalgebra and C be a DG algebra. Recall that the complex Hom k (G, C) is a DG algebra under the convolution.
That is for f, g ∈ Hom k (G, C) their product is the composition
where ∆ and µ denote co-multiplication and multiplication in G and C respectively.
Definition 2.2. The elements of the Maurer-Cartan cone M C(Hom k (G, C)) are called twisting cochains. Suppose that C is augmented and G is co-augmented. Then a twisting cochain τ ∈ M C(Hom k (G, C)) is called admissible if it comes from a twisting cochain in
Example 2.3. Suppose in the above definition that G is concentrated in nonnegative degrees. Then a twisting cochain in M C(Hom k (G, C)) which comes from a twisting cochain in Hom k (G, C) is automatically admissible (for degree reasons).
Note that the identity map id :
Definition 2.4. Let C be an augmented DG algebra with the augmentation ideal C . We denote by BC its bar construction, which is a DG coalgebra. Recall that as a coalgebra BC is the tensor coalgebra on the graded vector space C[1] . Denote byŜ = (BC) * the dual DG algebra.
The DG coalgebra BC is co-augmented and co-complete. Hence the DG algebraŜ is an augmented complete local DG algebra. BC is the union of its finite dimensional DG subcoalgebras. HenceŜ is the inverse limit of its finite dimensional quotients. Note that any finite dimensional quotient ofŜ is an artinian DG algebra, henceŜ is a pro-object in the category dgart . It follows that any finite dimensional DG subcoalgebra of BC is artinian (i.e. its dual is an artinian DG algebra).
The following lemma is from [HuMoSt] (see also [Le-Ha] ).
Lemma 2.5. Let C be an augmented DG algebra. Then the composition τ C of the projection with BC → C[1] with the (shifted) embedding C ֒→ C is the universal admissible twisting cochain for C . That is given a co-augmented DG coalgebra G and an admissible twisting cochain τ : G → C there exists a unique morphism g τ : G → BC of DG coalgebras such that τ C · g τ = τ.
2.4. From modules to comodules. Let τ ∈ M C(Hom k (G, C)) be a twisting cochain and M be a DG C -module. Consider the free G gr -comodule G ⊗ M with the differential
Here ∆ is the comultiplication in G and µ M is the C -module structure of M . Then d 2 τ = 0 and G ⊗M with the differential d τ is a DG G -comodule. Hence by the construction in 2.2 above it is a DG (G * ) 0 -module. To stress the role of τ we will sometimes denote this DG module by G ⊗ τ M .
Similarly, if N is a DG C 0 -module, then using −τ ∈ M C(Hom k (G, C)) we obtain a structure of a DG G 0 -comodule (hence of a DG G * -module by 2.1) on N ⊗ G . We denote the resulting DG module by N ⊗ τ G .
Example 2.6. Put M = C . Then the G -comodule (or the (G * ) 0 -module) structure on G ⊗ τ C commutes with the right multiplication on
Let f : H → G be a homomorphism of DG coalgebras and τ ∈ M C(Hom k (G, C)) . Then there are natural isomorphisms of DG C ⊗ H * -and (C ⊗ H * ) 0 -modules respectively
2.5. The bar complex.
Definition 2.7. Let C be an augmented DG algebra, G = BC and τ C : BC → C be the canonical (universal) twisting cochain. The resulting DG (C⊗Ŝ) 0 -module BC⊗ τ C C is called the bar complex of C . It is quasi-isomorphic to k . Similarly, if we consider C as a DG C 0 -module then we obtain a DG C ⊗Ŝ -module C ⊗ τ C BC , which is also quasi-isomorphic to k .
Deformations and the bar complex.
Lemma 2.8. Let C be a DG algebra and R a finite dimensional DG algebra. Then the DG algebras C ⊗ R and Hom k (R * , C) are naturally isomorphic.
Proof. The isomorphism θ : C ⊗ R → Hom k (R * , C) is given by the formula
Remark 2.9. Assume that in the above lemma the DG algebra R is artinian with the maximal ideal m ⊂ R . Note that under the isomorphism of this lemma the ideal C ⊗ m is mapped to the ideal Hom k (m * , C) . Thus in particular there is a natural bijection between the set M C(C ⊗ m) and the collection of twisting cochains in Hom k (m * , C) .
Remark 2.10. Assume in the above remark that the DG algebra C is augmented and that R ∈ dgart − (hence R * is concentrated in nonnegative degrees). Then elements of M C(C ⊗ m) are in bijection with the set of admissible twisting cochains in Hom k (R * , C) .
2.6.1. Let C be an augmented DG algebra, R an artinian DG algebra with the maximal ideal m . Let τ ∈ Hom k (R * , C) be an admissible twisting cochain and R * ⊗ τ C be the corresponding DG (C ⊗ R) 0 -module.
Let α ∈ M C(C ⊗ m) be the element corresponding to τ by Remark 2.9 and denote by C ⊗ α R * the corresponding object in the groupoid coDef h R (C) . Thus in particular C ⊗ α R * is a DG (C ⊗ R) 0 -module.
Lemma 2.11. The DG (R ⊗ C) 0 -modules R * ⊗ τ C and C ⊗ α R * are isomorphic.
Proof. The isomorphism is simply the transposition of the two factors.
In the above notation consider the homomorphism of DG coalgebras g τ : R * → BC induced by τ as in Lemma 2.5. This induces a homomorphism of the dual DG algebras g * τ :Ŝ → R . Thus in particular R becomes a DGŜ 0 -module. Notice that thisŜ 0 -module structure on R coincides with the one coming from the homomorphism g τ : R * → BC (which makes R * a DG BC -comodule) by the construction in 2.2 and the identification R = R * * .
Consider the bar complex BC ⊗ τ C C (which is a DG (C ⊗Ŝ) 0 -module) and the DG
Lemma 2.12. The DG (C ⊗ R) 0 -modules HomŜ 0 (R, BC ⊗ τ C C) and R * ⊗ τ C are isomorphic.
Proof. Indeed, by 2.4 and 2.2 we have the isomorphisms of DG (C ⊗ R) 0 -modules
Later on we will use the following corollary.
Corollary 2.13. Let C be an augmented DG algebra. Then for every object (T, id) ∈ coDef h R (C) there exists a homomorphism of DG algebraŜ → R and an isomorphism of
Proof. This follows from the last two lemmas.
3. Some functors defined by the bar complex Definition 3.1. An augmented DG algebra C is called
We say that C is admissible if it satisfies a), b), c). Let M be a DG B 0 -module with finite dimensional cohomology. First assume that M is concentrated in one degree. Then dim M < ∞ . Since B gr is a complete local algebra the module M has a filtration with subquotients isomorphic to k . Thus M ∈ k .
In the general case by I, Lemma 3.19 we may and will assume that M i = 0 for |i| >> 0 .
Let s be the least integer such that M s = 0 . The kernel K of the differential d : M s → M s+1 is a DG B 0 -submodule. By the above argument K ∈ k . If K = 0 then by induction on the dimension of the cohomology we obtain that M/K ∈ k . Hence also M ∈ k . If K = 0 , then the DG B 0 -submodule τ <s+1 M (I, Lemma 3.19) is acyclic, and hence M is quasi-isomorphic to τ ≥s+1 M . But we may assume that τ ≥s+1 M ∈ k by descending induction on s .
Choose a quasi-isomorphism of DGŜ 0 -modules BC ⊗ τ C C → J , where J satisfies the property (I) (hence is h-injective).
Consider the contravariant DG functor ∆ :Ŝ 0 -mod → C 0 -mod defined by
This functor extends trivially to derived categories ∆ :
Theorem 3.3. Assume that the DG algebra C is admissible. Then a) The contravariant functor ∆ is full and faithful on the category
Proof. By Lemma 3.2 the category D f (Ŝ 0 ) is the triangulated envelope of the DGŜ 0 -module k . So for the first statement of the theorem it suffices to prove that the map
is an isomorphism. The following proposition implies the theorem.
Proposition 3.4. Under the assumptions of the above theorem the following holds.
Proof. a) Recall the DGŜ ⊗ C -module C ⊗ τ C BC (Definition 2.7). Consider the corre-
Since C is locally finite and bounded below and BC is bounded below the gradedŜ 0 -module P gr is isomorphic to (Ŝ ⊗ Hom k (C, k)) gr . Since the complex Hom k (C, k) is bounded above and the DG algebrâ S is concentrated in nonnegative degrees the DGŜ 0 -module P has the property (P) (and
This proves a). b) Since HomŜ 0 (k, BC ⊗ τ C C) = C the assertion follows from a). c) follows from b).
d) follows from a) and c).
This proves the theorem.
Remark 3.5. Notice that for any augmented DG algebra C we have 
Denote by Perf(Ŝ 0 ) ⊂ D(Ŝ 0 ) the full triangulated subcategory which is generated by the DGŜ 0 -moduleŜ . Theorem 3.6. Assume that the DG algebra C is admissible and finite dimensional. Then
is full and faithful on the subcategory
Proof. Denote by m ⊂Ŝ 0 the maximal ideal and put S n :=Ŝ 0 /m nŜ0 . Since the DG algebra C is finite dimensional S n is also finite dimensional for all n . We need a few lemmas.
Lemma 3.7. Let K be a DGŜ 0 -module such that dim k K < ∞ . Then the natural morphism of complexes
is a quasi-isomorphism.
Proof. Notice that since the algebraŜ is local, every element x ∈ m acts on K as a nilpotent operator. Hence in particular m n K = 0 for n >> 0 . For the same reason the DGŜ 0 -module K has a filtration with subquotients isomorphic to k . Thus we may prove the assertion by induction on dim K . If K = k , then this is part b) of Proposition 3.4.
Otherwise we can find a short exact sequence of DGŜ 0 -modules
Sublemma. The sequence of complexes
Proof. We only need to prove the surjectivity of the map
) and similarly for M .
Note that n (BC ⊗ τ C C) as a graded S n -module is isomorphic to S * n ⊗ C , hence is a finite direct sum of shifted copies of the injective graded module S * n . Hence the above map of complexes is surjective. Now we can prove the lemma.
Consider the commutative diagram of complexes
where the bottom row is exact since J gr is an injective gradedŜ 0 -module (because J satisfies property (I)). By the induction assumption α and γ are quasi-isomorphisms.
Hence also β is such.
We are ready to prove the theorem.
It follows from Lemma 3.7 that ∇(Ŝ) is quasi-isomorphic to
This proves the second assertion. The first one follows from the next lemma.
Lemma 3.8. For any augmented DG algebra C the complex R Hom
Proof. Note that the DG C 0 -module BC ⊗ τ C C has the property (P). Hence
We will define a homomorphism of DG algebras
and will prove that it is a quasi-isomorphism.
∈ BC ⊗BC is the comultiplication. One checks that θ is a homomorphism of DG algebras. It remains to prove that θ is a quasi-isomorphism of complexes.
Notice the isomorphism of complexes
Denote by η : BC → k the counit (the unit inŜ 0 ) and by ǫ : C → k the augmentation.
Consider the morphism of complexes
Then we have δ · θ = idŜ 0 .
On the other hand the inclusion k ֒→ BC ⊗ τ C C induces an embedding of complexes
so that the composition γ·δ is a quasi-isomorphism. Hence θ and δ are quasi-isomorphisms.
3.3. The functor Ψ . Finally consider the covariant functor Ψ :
Theorem 3.9. For any augmented DG algebra C the following holds.
a) The functor Ψ is full and faithful on the subcategory Perf(Ŝ) .
Proof. b) is obvious and a) follows from Lemma 3.8 above.
Part 2. The pseudo-functors DEF and coDEF 4. The bicategory 2-adgalg and deformation pseudo-functor coDEF Let E be a bicategory and F, G : E → Gpd two pseudo-functors. A morphism ǫ : F → G is called an equivalence if for each X ∈ ObE the functor ǫ X : F (X) → G(X) is an equivalence of categories.
Definition 4.1. We define the bicategory 2-adgalg of augmented DG algebras as follows. The objects are augmented DG algebras. For DG algebras B, C the collection of 1-morphisms 1-Hom(B, C) consists of pairs (M, θ) , where
is the functor of restriction of scalars corresponding to the natural homomorphism ν : C → B 0 ⊗ C );
• and θ : k
The composition of 1-morphisms
So in particular the category 1-Hom(B, C) is a groupoid. Denote by 2-dgart the full subbicategory of 2-adgalg consisting of artinian DG algebras. Similarly we define the full subbicategories 2-dgart + ,
Remark 4.2. Assume that augmented DG algebras B and C are such that B i = C i = 0
For any augmented DG algebra B we obtain a pseudo-functor h B between the bicategories 2-adgalg and Gpd defined by h B (C) = 1-Hom(B, C) .
Note that a usual homomorphism of augmented DG algebras γ : B → C defines the structure of a DG B 0 -module on C with the canonical isomorphism of DG B 0 -modules
. This way we get a pseudo-functor F : adgalg → 2-adgalg , which is the identity on objects. is a bijection.
Thus we may assume that M is concentrated in degree 0. By assumption there exists an isomorphism of C -modules C → M . Multiplying this isomorphism by a scalar we may assume that it is compatible with the isomorphisms id :
A choice of such an isomorphism defines a homomorphism of algebras
Since B and C are local this is a homomorphism of augmented
is simply an isomorphism of the corresponding B 0 ⊗C -modules f : C → C , which commutes with the augmentation. Being an isomorphism of C -modules it is the right multiplication by an invertible element c ∈ C . Hence for every b ∈ B we have c −1
c) This follows from a) and b).
Remark 4.4. If in the definition of 1-morphisms 1-Hom(B, C) we do not fix an isomorphism θ , then we obtain a special case of a "quasi-functor" between the DG categories B-mod and C-mod . This notion was first introduced by Keller in [Ke] for DG modules over general DG categories.
The next proposition asserts that the deformation functor coDef has a natural "lift" to the bicategory 2-dgart .
Proposition 4.5. There exist a pseudo-functor coDEF(E) from 2-dgart to Grp which is an extension to 2-dgart of the pseudo-functor coDef i.e. there is an equivalence of
Proof. Given artinian DG algebras R, Q and M = (M, θ) ∈ 1-Hom(R, Q) we need to define the corresponding functor
isomorphic to E (by the isomorphisms θ and σ ).
Indeed, choose quasi-isomorphisms P → k and S → I for P ∈ P(A 0 Q ) and I ∈ I(A 0 R ) . Then
By I, Lemma 3.17 the last term is equal to Hom R 0 (P ⊗ Q M, I) . Now the isomorphism θ
and k , and we compose it with the
Given another artinian DG algebra Q ′ and
(This follows again from I, Lemma 3.17).
Also a 2-morphism f ∈ 2-Hom(M, M 1 ) between objects M, M 1 ∈ 1-Hom(R, Q) induces an isomorphism of the corresponding functors M ! ∼ → M ! 1 . Thus we obtain a pseudo-functor coDEF(E) : 2-dgart → Gpd , such that coDEF(E) · F = coDef(E) .
We denote by coDEF + (E) , coDEF − (E) , coDEF 0 (E) , coDEF cl (E) the restriction of the pseudo-functor coDEF(E) to subbicategories 2-dgart + , 2-dgart − , 2-art and 2-cart respectively. Proposition 4.6. A quasi-isomorphism δ : E 1 → E 2 of DG A 0 -modules induces an equivalence of pseudo-functors
Proof. This is clear.
Proposition 4.7. Let F : A → A ′ be a DG functor which induces a quasi-equivalence F pre-tr : A pre-tr → A ′pre-tr (this happens for example if F is a quasi-equivalence). Then for any E ∈ D(A 0 ) the pseudo-functors coDEF − (E) and coDEF − (RF ! (E)) are equivalent (hence also coDEF(F * (E ′ )) and coDEF − (E ′ ) are equivalent for any E ′ ∈ D(A ′0 ) ).
Proof. The proof is similar to the proof of I, Proposition 10.11. Namely let R, Q ∈ 2-dgart − and M ∈ 1-Hom(R, Q) . The DG functor F ! induces a commutative functorial diagram
(and a similar diagram for Q instead of R ) which is compatible with the functors
Thus we obtain a morphism of pseudo-functors
By I, Corollary 3.15 the functors RF ! and R(F ⊗ id) ! are equivalences. Proof. We may assume that there exists a homomorphism of DG algebras B → C which is a quasi-isomorphism. Then put A = B and A ′ = C in the last proposition.
The next result is the analogue of I, Proposition 11.16 for the pseudo-functor coDEF − .
Proposition 4.9. Let E ∈ A 0 -mod . Assume that a) Ext i (E, E) = 0 for i < 0 and Ext 0 (E, E) = k ; b) there exists a bounded below h-projective or h-injective DG A 0 -module F which is quasi-isomorphic to E .
Then for any DG algebra C which is bounded below and quasi-isomorphic to End(F ) the pseudo-functors coDEF − (C) and coDEF − (E) are equivalent.
Proof. If DG algebras C and End(F ) are quasi-isomorphic, then there exists a DG algebra Consider the DG functor
as in I, Remark 11.17. It induces the equivalence of pseudo-functors
i.e. for every artinian DG algebra R ∈ dgart − the corresponding DG functor 
Hence the functor LL induces the equivalence
Fix R, Q ∈ 2-dgart − and M ∈ 1-Hom(R, Q) . We need to show that there exists a natural isomorphism
Since the cohomology of M is finite dimensional, and the DG algebra R ⊗ Q has no components in positive degrees, by I, Corollary 3.21 we may assume that M is finite dimensional.
Lemma 4.10. Let (S, id) be an object in coDef
Proof. In the proof of I, Lemma 11.8 we showed that S is h-injective when considered as a DG R 0 -module.
Choose (S, id) ∈ coDef h (C) . By the above lemma M ! (S) = Hom R 0 (M, S) .
We claim that the DG C 0 -module Hom R 0 (M, S) is h-projective. Indeed, first notice that the graded R 0 -module S is injective being isomorphic to a direct sum of copies of shifted graded R 0 -module R * (the abelian category of graded R 0 -modules is locally notherian, hence a direct sum of injectives is injective). Second, the DG R 0 -module M has a (finite) filtration with subquotients isomorphic to k . Thus the DG C 0 -module Hom R 0 (M, S) has a filtration with subquotients isomorphic to Hom R 0 (k, S) = i ! S ≃ C . So it has property (P).
follows from the fact that S as a graded module is a tensor product of graded C 0 and R 0 modules and also because dim k M < ∞ .
5.
The bicategory 2 ′ -adgalg and deformation pseudo-functor DEF It turns out that the deformation pseudo-functor Def lifts naturally to a different version of a bicategory of augmented DG algebras. We denote this bicategory 2 ′ -adgalg . It differs from 2-adgalg in two respects: the 1-morphisms are objects in D(B ⊗ C 0 ) (instead of D(B 0 ⊗ C) ) and 2-morphisms go in the opposite direction. We will relate the bicategories 2-adgalg and 2 ′ -adgalg (and the pseudo-functors coDEF and DEF ) in section 6 below.
Definition 5.1. We define the bicategory 2 ′ -adgalg of augmented DG algebras as follows. The objects are augmented DG algebras. For DG algebras B, C the collection of 1-morphisms 1-Hom(B, C) consists of pairs (M, θ) , where
is the functor of restriction of scalars corresponding to the natural homomorphism ν : C 0 → B ⊗ C 0 );
So in particular the category 1-Hom(B, C) is a groupoid.
Denote by 2 ′ -dgart the full subbicategory of 2 ′ -adgalg consisting of artinian DG algebras. Similarly we define the full subbicategories 2 ′ -dgart + , 2 ′ -dgart − , 2 ′ -art , 2 ′ -cart (I, Definition 2.3).
Remark 5.2. The exact analogue of Remark 4.2 holds for the bicategory 2 ′ -adgalg .
For any augmented DG algebra B we obtain a pseudo-functor h ′ B between the bicategories 2 ′ -adgalg and Gpd defined by h ′ B (C) = 1-Hom(B, C) . Note that a usual homomorphism of DG algebras γ : B → C defines the structure of a B -module on C with the canonical isomorphism of DG B -modules C L ⊗ C k . Thus it defines a 1-morphism (C, id) ∈ 1-Hom(B, C) . This way we get a pseudo-functor F ′ : adgalg → 2 ′ -adgalg , which is the identity on objects.
Remark 5.3. The precise analogue of Lemma 4.3 holds for the bicategory 2 ′ -adgalg and the pseudo-functor F ′ .
Proposition 5.4. There exist a pseudo-functor DEF(E) from 2 ′ -dgart to Grp and which is an extension to 2 ′ -dgart of the pseudo-functor Def(E) , i.e. there is an equivalence of pseudo-functors Def(E) ≃ DEF(E) · F ′ .
Proof. Let R , Q be artinian DG algebras. Given (M, θ) ∈ 1-Hom(R, Q) we define the corresponding functor
as follows
Given another artinian DG algebra Q ′ and M ′ ∈ 1-Hom(Q, Q ′ ) there is a natural isomorphism of functors
Also a 2-morphism f ∈ 2-Hom(M, M 1 ) between M, M 1 ∈ 1-Hom(R, Q) induces an isomorphism of corresponding functors M * ∼ → M * 1 . Thus we obtain a pseudo-functor DEF(E) : 2 ′ -dgart → Gpd , such that DEF(E) · F ′ =
Def(E) .
We denote by DEF + (E) , DEF − (E) , DEF 0 (E) , DEF cl (E) the restriction of the pseudofunctor DEF(E) to subbicategories 2 ′ -dgart + , 2 ′ -dgart − , 2 ′ -art and 2 ′ -cart respectively.
Proposition 5.5. A quasi-isomorphism δ : E 1 → E 2 of DG A 0 -modules induces an equivalence of pseudo-functors
Proposition 5.6. Let F : A → A ′ be a DG functor which induces a quasi-equivalence F pre-tr : A pre-tr → A ′pre-tr (this happens for example if F is a quasi-equivalence). Then for any E ∈ D(A 0 ) the pseudo-functors DEF − (E) and DEF − (LF * (E)) are equivalent (hence also DEF − (F * (E ′ )) and DEF − (E ′ ) are equivalent for any E ′ ∈ D(A ′0 ) ).
Proof. The proof is similar to the proof of I, Proposition 10.4. Let R, Q ∈ dgart − and M ∈ 1-Hom(R, Q) . The DG functor F induces a commutative functorial diagram
By I, Corollary 3.15 the functors LF * and L(F ⊗id) * are equivalences, hence this morphism F * is an equivalence.
Corollary 5.7. Assume that DG algebras B and C are quasi-isomorphic. Then the pseudofunctors DEF − (B) and DEF − (C) are equivalent.
Proof. We may assume that there exists a morphism of DG algebras B → C which is a quasi-isomorphism. Then put A = B and A ′ = C in the last proposition.
The next proposition is the analogue of Proposition 4.9 for the pseudo-functor DEF − .
Proposition 5.8. Let E ∈ A 0 -mod . Assume that a) Ext −1 (E, E) = 0 ; b) there exists a bounded above h-projective or h-injective DG A 0 -module F quasiisomorphic to E .
Suppose that the DG algebra End(F ) is quasi-isomorphic to a DG algebra C which is bounded above. Then the pseudo-functors DEF − (E) and DEF − (C) are equivalent.
Proof. Let us prove that it extends to an equivalence
Let R, Q ∈ dgart − , M ∈ 1-Hom(R, Q) . We need to show that the functorial diagram
commutes. This follows from the natural isomorphism
for any N ∈ (B ⊗ R) 0 -mod .
Comparison of pseudo-functors coDEF − (E) and DEF − (E)
We have proved in I, Corollary 11.9 that under some conditions on E the pseudo-functors coDef − (E) and Def − (E) from dgart − to Gpd are equivalent. Note that we cannot speak about an equivalence of pseudo-functors coDEF − (E) and DEF − (E) since they are defined on different bicategories. So our first goal is to establish an equivalence of the bicategories 2-adgalg and 2 ′ -adgalg in the following sense: we will construct a pseudo-functor
which has the following properties 1) D is the identity on objects;
2) for each B, C ∈ Ob(2-adgalg) it defines an equivalence of groupoids
Fix augmented DG algebras B, C and let M be a DG C ⊗ B 0 -module. Define the DG
Proposition 6.1. The operation D as above induces a pseudo-functor
so that the properties 1) and 2) hold.
Proof. To simplify the notation denote by Hom(−, −) and Hom ′ (−, −) the morphisms in the bicategories 2-adgalg and 2 ′ -adgalg respectively.
We will prove that for augmented DG algebras B and C we have a (covariant) functor
which is an equivalence, and the functorial diagram
commutes for every triple of augmented algebras B 1 , B 2 , B 3 .
Indeed, we may and will assume that the DG C ⊗ B 0 -module M is h-projective. Then by I, Lemma 3.23 it is also h-projective as a DG C -module. Therefore by Lemma 6.2 a) below
Note that the obvious morphism of DG B -modules
is a quasi-isomorphism. Indeed, the DG C -module M is homotopy equivalent to C . Hence it suffices to check that δ is an isomorphism when M = C , which is obvious, since both sides are equal to k . Now notice the obvious canonical isomorphisms
Thus indeed, (D(M ), D(θ)) is an object in Hom ′ (B, C) and therefore we have a (covariant) functor
Let now B 1 , B 2 , B 3 ∈ Ob(2-adgalg) and
We claim that the DG B 1 ⊗ B 0 3 -modules
are canonically quasi-isomorphic.
Indeed, we may and will assume that M 1 and M 2 are h-projective as DG B 2 ⊗ B 0 1 -and B 3 ⊗ B 0 2 -modules respectively. Then by Lemma 6.2 below it suffices to prove that the morphism of DG B 1 ⊗ B 0 3 -modules
is a quasi-isomorphism. To prove that ǫ is a quasi-isomorphism we may replace the DG B 2 -module M 1 by B 2 . Then ǫ is an isomorphism.
Assume that M 1 and M 2 are h-projective as DG B 2 ⊗ B 0 1 -and B 3 ⊗ B 0 2 -modules respectively. Then
Proof. a). Since M 1 is h-projective as a DG B 2 ⊗ B 0 1 -module, it is also such as a DG B 2 -module (I, Lemma 3.23). We denote this DG B 2 -module again by M 1 .
Choose a quasi-isomorphism of DG B 2 -modules f : B 2 → M 1 . This is a homotopy equivalence since both B 2 and M 1 are h-projective. Thus it induces a homotopy equivalence of
But the DG B 0 2 -module Hom B 2 (B 2 , B 2 ) = B 2 is h-projective. Hence so is Hom B 2 (M 1 , B 2 ) . b). The proof is similar. Namely, the DG B 3 -module M 2 ⊗ B 2 M 1 is homotopy equivalent to M 2 ⊗ B 2 B 2 = M 2 , which is homotopy equivalent to B 3 . Remark 6.3. Fix augmented DG algebras B, C and let N be a DG B ⊗C 0 -module. Define the DG B 0 ⊗ C -module
This operation D ′ induces a pseudo-functor
) is a quasi-isomorphism. Hence the compositions DD ′ and D ′ D are equivalent to the identity.
Corollary 6.4. For any augmented DG algebra B the pseudo-functor D : 2-adgalg → 2 ′ -adgalg induces a morphism of pseudo-functors
which is an equivalence.
Similarly, the pseudo-functor D ′ : 2 ′ -adgalg → 2-adgalg induces an equivalence of pseudo-functors
Theorem 6.5. Assume that the DG A 0 -module E has the following properties.
ii) There exists a bounded above h-projective or h-injective DG A 0 -module P quasiisomorphic to E .
iii) There exists a bounded below h-projective or h-injective DG A 0 -module I which is quasi-isomorphic to E .
Then the pseudo-functors coDEF − (E) and DEF − ·D from 2-dgart − to Gpd are equivalent.
Hence also the pseudo-functors DEF − (E) and coDEF − ·D ′ from 2 ′ -dgart − to Gpd are equivalent (Remark 6.3).
Proof. Let R ∈ dgart − . Recall (I, Theorem 11.13) the DG functor
and the corresponding derived functor
We know (I, Theorem 11.13) that under the assumptions i), ii), iii) this functor induces an equivalence of groupoids
Let now Q ∈ dgart − and M ∈ 1-Hom(R, Q) . It suffices to prove that the functorial
naturally commutes.
Choose a bounded above h-projective or h-injective P quasi-isomorphic to E . By I, Theorem 11.6 a) the groupoids Def R (E) and Def h R (P ) are equivalent. Hence given (S, id) ∈ Def h R (P ) it suffices to prove that there exists a natural isomorpism of objects in
We may and will assume that the DG Q ⊗ R 0 -module M is h-projective. In the proof of I, Lemma 11.7 we showed that the DG A 0 R -module S is h-projective as a DG R 0 -module. Therefore by Lemma 6.2 a) it suffices to prove that the morphism of DG A 0 Q -modules
It suffices to prove that η is a quasi-isomorphism of DG Q 0 -modules. Notice that since R is non-positive and P is bounded above the DG R 0 -module S satisfies property (P) (I, Definition 3.2). Thus it suffices to prove that η is a quasi-isomorphism if S = R . Then
We have the canonical isomorphisms
Also, since the DG Q 0 -module M is homotopy equivalent to Q , we have the homotopy equivalences
Part 3. Pro-representability theorems 7. Pro-representability of the pseudo-functor coDEF −
The next theorem claims, that under some conditions on the DG algebra C the pseudofunctor coDEF − (C) is pro-representable. Notice that we have no analogue of this result for the pseudo-functor coDef − (C) .
Theorem 7.1. Let C be an admissible finite dimensional DG algebra (Definition 3.1).
Then the pseudo-functor coDEF − (C) is pro-representable by the DG algebraŜ = (BC) * .
That is there exists an equivalence of pseudo-functors coDEF − (C) ≃ hŜ from 2-dgart − to
Gpd.
As a corollary we obtain the following theorem.
Theorem 7.2. Fix E ∈ A 0 -mod . Assume that E is quasi-isomorphic to a bounded below F which is h-projective or h-injective. Also assume that there exists an admissible finite dimensional DG algebra C which is quasi-isomorphic to End(F ) . Then the pseudo-functor coDEF − (E) is pro-representable by the DG algebraŜ = (BC) * . That is there exists an equivalence of pseudo-functors coDEF − (E) ≃ hŜ from 2-dgart − to Gpd.
Proof. Indeed, by Proposition 4.9 the pseudo-functors coDEF − (E) and coDEF − (C) are equivalent, so it remains to apply Theorem 7.1.
Proof. Let us prove Theorem 7.1.
Consider the DG (C⊗Ŝ)
where J is an h-injective DG (C ⊗Ŝ) 0 -module. By I, Lemma 3.23 J is also h-injective when considered as a DGŜ 0 -or C 0 -module via the restriction of scalars.
We first define a morphism of pseudo-functors Θ : hŜ → coDEF − (C) . Namely, given an artinian DG algebra R ∈ 2-dgart − and a 1-morphism M = (M, θ) ∈ 1-Hom(Ŝ, R) we define Θ(M ) := HomŜ 0 (M, J).
By I, Lemma 3.17 we have R Hom
and by Proposition 3.4 the last term is canonically quasi-isomorphic to C as a DG module over C 0 . Thus we obtain a canonical quasi-isomorphism σ(M ) :
Given another artinian DG algebra Q ∈ 2-dgart − and a 1-morphism
to the object R Hom R 0 (N, Θ(M )) . This follows again from I, Lemma 3.17. Thus Θ is indeed a morphism of pseudo-functors.
It remains to prove that for each R ∈ 2-dgart − the induced functor Θ R : 1-Hom(Ŝ, R) → coDEF R (C) is an equivalence of groupoids. So fix a DG algebra R ∈ 2-dgart − .
Surjective on isomorphism classes. By I, Theorem 11.6 b) we know that groupoids coDEF R (C) = coDef R (C) and coDef h R (C) are equivalent. Given an object (T, id) ∈ coDef h R (C) it is known by Corollary 2.13 that there exists a homomorphism of DG algebras φ :Ŝ → R such that the DG (R ⊗ C) 0 -module T is isomorphic to HomŜ 0 (R, BC ⊗ τ C C) .
It follows from Lemma 3.7 that HomŜ 0 (R, BC ⊗ τ C C) = R HomŜ 0 (R, BC ⊗ τ C C) . Therefore (T, id) , considered as an object in coDEF R (C) is isomorphic to Θ(M ) , where M = R is a DG module over R ⊗Ŝ 0 via the homomorphism φ .
Full and faithful.
Consider the above functor Θ as a contravariant DG functor from R ⊗Ŝ 0 -mod to These DG functors induce the corresponding functors between the derived categories
Denote by k ⊂ D(R ⊗Ŝ 0 ) and C ⊂ D(C 0 ⊗ R 0 ) the triangulated envelopes of the DG R ⊗Ŝ 0 -module k and the DG (C ⊗ R) 0 -module C respectively.
Lemma 7.3. The functors Θ and Φ induce mutually inverse anti-equivalences of the triangulated categories k and C .
Proof. For M ∈ R ⊗Ŝ 0 -mod and N ∈ (C ⊗ R) 0 -mod we have the functorial morphisms of DG modules
By Proposition 3.4 a) the DG (C ⊗ R) 0 -module Θ(k) is quasi-isomorphic to C and hence Φ(Θ(k)) is quasi-isomorphic to k , so that β k is a quasi-isomorphism. Also we have Φ(C) = J and again by Proposition 13.4a) Θ(J) is quasi-isomorphic to C . So γ C is a quasi-isomorphism. This proves the lemma.
Notice that for (M, θ) ∈ 1-Hom(Ŝ, R) (resp. for (S, σ) ∈ coDEF R (C) = coDef h R (C) ) M ∈ k by Remark 4.2 (resp. S ∈ C ). Hence the functor Θ R : 1-Hom(Ŝ, R) → coDEF R (C) is full and faithful. This proves the theorem.
8. Pro-representability of the pseudo-functor DEF − Pro-representability Theorems 7.1 and 7.2 for the pseudo-functor coDEF − imply analogous results for the pseudo-functor DEF − . Namely, we have the following theorems. We get the following corollary.
Theorem 8.2. Fix E ∈ A 0 -mod . Assume that E is quasi-isomorphic to a bounded above h-projective or h-injective F ∈ A 0 -mod . Suppose that the DG algebra End(F ) is quasiisomorphic to an admissible finite dimensional DG algebra C . Then the pseudo-functor DEF − (E) is pro-representable by the DG algebraŜ = (BC) * . That is there exists an equivalence of pseudo-functors
Proof. This follows from Theorem 8.1 and Proposition 5.8.
In the proof of Theorem 7.1 we showed that the bar complex BC ⊗ C is the "universal co-deformation" of the DG C 0 -module C . However, Theorem 8.1 is deduced from Theorem 7.1 without finding the analogous "universal deformation" of the DG C 0 -module C . We do not know if this "universal deformation" exists in general (under the assumptions of Theorem 8.1). But we can find it and hence give a direct proof of Theorem 8.1 if the DG algebra C satisfies an extra assumption (*) below.
Definition 8.3. Let C be an augmented DG algebra and consider k as a left and right DG C -module. We say that C satisfies the condition (*) if the canonical morphism
Example 8.4. Suppose that an augmented DG algebra C is left and right Gorenstein of dimension d . This means that
and
Then C satisfies the condition (*).
For the rest of this section assume that C satisfies the condition (*).
Consider the DG C ⊗Ŝ -module C ⊗ τ C BC as in Definition 2.7. Denote by E the DG (C ⊗Ŝ) 0 -module
Note that the DG C -module C ⊗ τ C BC is h-projective and quasi-isomorphic to k , hence
We claim that E is the "universal deformation" of C . This is justified by Theorem 8.9
below. Let us start with a few lemmas.
The following lemma is the analogue of Lemma 2.8.
Lemma 8.5. Let B be a finite dimensional DG algebra and G be a DG coalgebra. Then the DG algebras B ⊗ G * and Hom k (G, B) are isomorphic.
Proof. The isomorphism ν : B ⊗ G * → Hom(G, B) is given by the formula
Remark 8.6. The inclusion map k ֒→ C induces an isomorphism of graded
If we further use the isomorphism of the previous lemma we find that the DG (C ⊗Ŝ) 0 -module E is isomorphic to C ⊗Ŝ with the differential d C ⊗ 1 + 1 ⊗ dŜ + τ C ; here τ C stands for the left multiplication by the universal twisting cochain τ C ∈ Hom k (BC, C) = C ⊗Ŝ . We denote this DG (C ⊗Ŝ) 0 -module C ⊗ τ CŜ .
Lemma 8.7. The object E considered as a DGŜ 0 -module is h-projective.
Proof. Since the twisting cochain τ C is admissible it maps BC to the augmentation ideal of C . Hence we can find a refinement of the filtration of C by powers of the augmentation ideal, so that the induced (finite) filtration of the DGŜ 0 -module E = C ⊗ τ CŜ has subquotients isomorphic toŜ . Thus the DGŜ 0 -module E is projective.
Proof. By Lemma 8.7 and Remark 8.6 we have
and the last DG C 0 -module is isomorphic to C since τ C ∈ C ⊗ n , where n ⊂Ŝ is the augmentation ideal.
Now we are ready to define a morphism of pseudo-functors
Let R ∈ dgart − and M = (M, θ) ∈ 1-Hom(Ŝ, R) . We put
Notice that the structure isomorphism θ :
and the last term is canonically quasi-isomorphic to C as a DG C 0 -module by Lemma 8.8.
Hence Ψ(M ) is indeed an object in the groupoid DEF R (C) .
is a morphism of objects in the groupoid DEF R (C) . Thus Ψ is indeed a morphism of pseudo-functors.
Theorem 8.9. The morphism Ψ : h ′Ŝ → DEF − (C) is an equivalence.
Proof. It remains to show that for each R ∈ dgart − the induced functor
is an equivalence of groupoids.
We fix R .
Surjective on isomorphism classes.
Let (S, σ) ∈ DEF R (C) = Def R (C) . By Proposition 11.2, 1) in Part I the groupoid Def R (C) is equivalent to a full subcategory of the groupoid Def h R (C) . More precisely, there exists (T, id) ∈ Def h R (C) such that also (T, id) ∈ Def R (C) and (T, id) is isomorphic to (S, σ) is Def R (C) . The homotopy R -deformation T is defined by an element α in the Maurer-Cartan groupoid MC R (C) (I, Proposition 6.1). By Remark 12.10 in Part I the element α corresponds to a (unique) admissible twisting cochain τ : R * → C , which in turn corresponds to a homomorphism of DG coalgebras g τ : R * → BC (Lemma 2.5).
By dualizing we obtain a homomorphism of DG algebras g * τ :Ŝ → R and hence the corresponding object M α = (ŜR R , id) ∈ 1-Hom(Ŝ, R).
Proof. By Remark 8.6
and hence by Lemma 8.7
The homomorphism of DG algebras g * τ :Ŝ → R induces a homomorphism of DG algebras
which maps τ C to τ . Thus Ψ(M α ) = T .
Full and faithful.
Let us define a functor Π : Def R (C) → 1-Hom(Ŝ, R) as follows: for S = (S, σ) ∈ Def R (C) we put
We claim that Π(S) is an object in 1-Hom(Ŝ, R) , i. e. it is quasi-isomorphic to R as a DG R 0 -module and the isomorphism σ defines an isomorphism Π(S)
Indeed, we may and will assume that (S, σ) = (T, id) for a homotopy R -deformation (T, id) ∈ Def h R (C) (I, Proposition 11.2, 1)). Then T = C ⊗ R as a graded (C ⊗ R) 0 -module and the differential in T is d C ⊗ 1 + 1 ⊗ d R + α where α is a degree 1 element in C ⊗ R .
We denote it T = C ⊗ α R . We have
Since the DG algebra C satisfies the condition (*) the last term as a DG R 0 -module is canonically quasi-isomorphic to k ⊗ R = R. Thus we have a canonical isomorphism
Note that the functors Ψ and Π are adjoint: (S, σ) ∈ Def R (C) . By I, Proposition 11.2, 1) (S, σ) is isomorphic to some (T, id) ∈ Def h R (C) . Hence S ∈ C . Choose (M, θ) ∈ 1-Hom(Ŝ, R) . Since the DG algebraŜ ⊗ R 0 is local and complete by Lemma 3.2 we have M ∈ k . Therefore it suffices to prove the following lemma.
Lemma 8.11. The functors Ψ and Π induce mutually inverse equivalences of triangulated categories k and C .
Proof. It suffices to prove that the adjunction maps k → ΠΨ(k) and ΨΠ(C) → C are isomorphisms.
This proves the lemma and the theorem.
Classical pro-representability
Recall that for a small groupoid M one denotes by π 0 (M) the set of isomorphism classes of objects in M .
All our deformation functors have values in the 2-category of groupoids Gpd . We may compose those pseudo-functors with π 0 to obtain functors with values in the category Set of sets. Classically pro-representability theorems are statements about these compositions.
Out pro-representability Theorems 7.1, 7.2, 8.1, 8.2 have some "classical" implications which we discuss next.
Definition 9.1. Denote by alg and calg the full subcategories of the category adgalg (I, Section 2) consisting of local (!) augmented DG algebras (resp. local commutative augmented DG algebras) concentrated in degree zero. That is we consider the categories of usual local augmented (resp. commutative local augmented) algebras. Then we have the full subcategories art ⊂ alg and cart ⊂ calg of (local augmented) artinian (resp. commutative artinian) algebras (I, Definitions 2.1-2.3). Note that for B, C ∈ alg the groups of units of B and C act by conjugation on the set Hom(B, C) . We call this the adjoint action. The orbits of this action define an equivalence relation on Hom(B, C) and we denote by alg / ad the corresponding quotient category, where Hom alg / ad (B, C) is the set of equivalence classes. Let q : alg → alg / ad be the quotient functor. We obtain the corresponding full subcategory art / ad ⊂ alg / ad . Remark 9.2. Note that if B, C ∈ alg and C is commutative then the adjoint action on Hom(B, C) is trivial.
Recall the pseudo-functor F : adgalg → 2-adgalg from Section 4. We denote also by F its restriction to the full subcategory alg . Since the functor q and the pseudo-functor F are the identity on objects we will write B instead of q(B) or F(B) for B ∈ alg .
Fix B ∈ alg . We consider two functors from alg to Set which are defined by B : h B · q and π 0 · h B · F . Namely, for C ∈ alg :
h B · q(C) = Hom alg / ad (B, C), π 0 · h B · F(C) = π 0 (1-Hom 2-adgalg (B, C).
Lemma 9.3. For any B ∈ alg the above functors h B · q and π 0 · h B · F from alg to Set are isomorphic.
Proof. This is proved in Lemma 4.3 a), b).
Corollary 9.4. For any B ∈ alg the functors h B and π 0 · h B · F from calg to Set are isomorphic.
Proof. This follows from Lemma 9.3 and Remark 9.2. Definition 9.5. Let C be an augmented DG algebra. We call C Koszul if the DG algebrâ S := (BC) * is quasi-isomorphic to H 0 (Ŝ) .
Lemma 9.6. Let φ : B → C be a quasi-isomorphism of augmented DG algebras. Then it induces a morphism φ * : h C → h B of pseudo-functors from 2-adgalg to Gpd . This morphism is an equivalence.
Proof. Indeed, for E ∈ 2-adgalg and M ∈ 1-Hom(C, E) denote by φ * M ∈ 1-Hom(B, E) the DG B ⊗ E 0 -module obtained from M by restriction of scalars. This functor φ * defines an equivalence of derived categories
since φ is a quasi-isomorphism. Hence it defines an equivalence of groupoids φ * : 1-Hom(C, E) → 1-Hom(B, E). Theorem 9.9. Let E ∈ A 0 -mod . Assume that E is quasi-isomorphic to a bounded below F ∈ A 0 -mod which is h-projective or h-injective. Also assume that there exists an admissible finite dimensional Koszul DG algebra C which is quasi-isomorphic to End(F ) . PutŜ = (BC) * . Then a) there exists an isomorphism of functors from art to Set h H 0 (Ŝ) · q ≃ π 0 · coDef 0 (E); b) there exists an isomorphism of functors from cart to Set
Proof. By I, Proposition 11.16 the pseudo-functors coDef − (E) and coDef − (C) are equivalent. So the theorem follows from Theorem 9.7.
Theorem 9.10. Let E ∈ A 0 -mod . Assume that E is quasi-isomorphic to a bounded above F ∈ A 0 -mod which is h-projective or h-injective. Also assume that there exists an admissible finite dimensional Koszul DG algebra C which is quasi-isomorphic to End(F ) . 
